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ABSTRACT
We construct the most general Ricci-flat metrics in (D + n) dimensions that preserve
the R1,n−1 × SO(D) isometry. The equations of motion are governed by the system of a
GL(n,R)/SO(1, n − 1) scalar coset coupled to D-dimensional gravity. Among the solu-
tions, we find a large class of smooth Lorentzian wormholes that connect two asymptotic
flat spacetimes. In addition, we obtain new vacuum tachyonic wave solutions in D ≥ 4
dimensions, which fit the general definition of pp-waves in that there exists a covariantly
constant null vector. The momenta of the tachyon waves are larger than their ADM masses.
The world-volume of the tachyon wave is R1,2, instead of R1,1 for the usual vacuum pp-
wave. We show that the tachyon wave solutions admit no Killing spinors, except in D = 4,
in which case it preserves half of the supersymmetry. We also obtain a general class of p-
brane wormhole and tachyon wave solutions where the R1,n−1 part of the spacetime lies in
the the world-volume of the p-branes. These include examples of M-branes and D3-brane.
Furthermore, we obtain AdS tachyon waves in D ≥ 4 dimensions.
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1 Introduction
Recently, a large class of smooth Lorentzian wormholes were constructed in D ≥ 5 dimen-
sions [1]. These include the previously-known example in D = 5 [2]. Such a wormhole
can be viewed as a gravitational string that carries a momentum propagating in one space
direction. The metric has an isometry of R1,1 × SO(D) in (D + 2) dimensions, where R1,1
denotes the world-volume, comprising the time and the momentum-carrying space. If one
performs Kaluza-Klein reduction in the R1,1 directions, the D-dimensional solution is then
a spherical symmetric wormhole supported by a GL(2,R)/O(1, 1) scalar coset [3].
In this paper, we generalise above construction to obtain the most general Ricci-flat
metrics in (D + n) dimensions that preserve the R1,n−1 × SO(D) isometry. The metric
ansatz has the form
ds2D+n = r
2dΩ2D−1 +
dr2
f
+
n−1∑
µ,ν=0
gµνdz
µdzν , (1.1)
where f and gµν depend only on the D-dimensional radial variable r. Note that this
ansatz encompasses also all the spherical symmetric p-branes and pp-waves. The Kaluza-
Klein reduction on the zµ’s, which include a time direction, was performed in [3]. The D-
dimensional system consists of the Euclidean-signatured metric and an GL(n,R)/SO(1, n−
1) scalar coset [3–5]. The task is then reduced to construct spherical symmetric solutions
in D-dimensions that are supported by the GL(n,R)/SO(1, n − 1) scalar coset.
The group GL(n,R) is a direct product of the R and SL(n,R) groups, where the R
factor is the breathing mode that measures the overall scale size of the R1,n−1 spacetimes.
It is consistent to truncate out this mode, leaving the SL(n,R)/SO(1, n − 1) coset. In
sections 2 to 5, we obtain the most general solutions supported by this scalar coset. We
first present the general formalism in section 2, then proceed with the simplest SL(2,R) case
in section 3, and SL(3,R) in section 4. The most general solutions for arbitrary SL(n,R)
were presented in section 5.
Among the solutions we obtain, there is a large class of new smooth Lorentzian worm-
holes. The role that wormholes play in string theory has been studied recently in the
context of AdS/CFT correspondence. In Lorentzian signature, wormholes that connect two
asymptotic AdS spacetimes appear unlikely, and disconnected boundaries can only be sep-
arated by horizons [6]. Thus the recent studies of wormholes in string theory and in the
context of the AdS/CFT correspondence have so far concentrated on Euclidean-signatured
spaces [7–11]. By combining the standard brane ansatz and wormhole solutions obtained
in [1], a large class of Lorentzian brane wormholes were obtained in [12]. These solutions
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include examples of wormholes that connect AdS×Sphere in one asymptotic region to a
Minkowski spacetime in the other. In section 7, we obtain analogous brane solutions for
our new Ricci-flat wormholes.
We also obtain a new vacuum gravitational wave solutions (4.15) and (4.19) for all D ≥ 4
dimensions. We verify, up to the cubic order, that the polynomial scalar invariants of the
Riemann tensor vanish identically. We expect that, as in the case of the vacuum pp-wave
solution, all these invariants vanish identically. The solutions fit the general definition of
pp-waves in that there exists a covariantly constant null vector. However, the solutions
have some distinct features. One odd property of our new wave solutions is that the linear
momenta are greater than their AdM masses. Thus, we call these solutions as vacuum
tachyon waves. The world-volume of the tachyon wave has three dimensions, instead of the
two dimensions for the pp-wave. In appendix B, we show that these tachyon wave metrics
admit no Killing spinors, except for D = 4, in which case, the solution preserves half of the
supersymmetry. We also construct p-brane solutions with such a tachyon wave propagating
in the world-volume of the brane in section 7. Furthermore, we obtain AdS tachyon waves
in all D ≥ 4 dimensions.
In section 6, we construct the most general solution for the case where the world-volume
spacetime R1,n−1 is replaced by Euclidean space Rn. In section 8, we include the breathing
mode and hence the scalar coset is GL(n,R)/SO(1, n − 1). We obtain the most general
solutions also for this case. We conclude our paper in section 9. In appendix A, we present
the discussion of the properties of a constant matrix that is crucial for solving the scalar
equations of motion.
2 General formalism
One goal of this paper is to construct the most general Ricci-flat metrics with an R1,n−1 ×
SO(D) isometry in (D + n) dimensions. The Kaluza-Klein reduction on R1,n−1 gives rise
to a scalar coset of GL(n,R)/SO(1, n − 1) in D-dimensions [3]. In this section, we set up
the general formalism for the case where the breathing mode, associated with the R factor
of the GL(n,R) = R× SL(n,R), is (consistently) truncated out.
We begin by reviewing the SL(n,R)/SO(1, n− 1) scalar coset. It can be parameterised
by the upper-triangular Borel gauge, which includes all the positive-root generators Ei
j
with i < j and (n− 1) Cartan generators ~H. They satisfy the Borel subalgebra
[ ~H,Ei
j ] = ~bi
jEi
j , [Ei
j , Ek
ℓ] = δjkEi
ℓ − δℓiEkj , (2.1)
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where ~bi
j are the positive-root vectors. Following the general discussion in [13,14], one can
parameterise the SL(n,R)/SO(1, n − 1) coset representative V = V1V2, with
V1 = e
1
2
~φ· ~H ,
V2 =
∏
i<j
= · · ·U24U23 · · ·U14U13U12 , Uij ≡ eχijEij . (2.2)
Here the generators ~H and Ei
j are represented by n × n matrices. Defining a symmetric
matrix
M = VT η V , η = diag(−1, 1, · · · 1) , (2.3)
we propose that the metric ansatz for the (D + n)-dimensional spacetime is given by
ds2D+n = ds
2
D + dz
TM dz , (2.4)
where dz = (dt, dz1, · · · dzn−1). If we had chosen η in (2.3) to be the identity matrix instead,
we would have an Euclidean-signatured space for the coordinates t and zi’s. For the vacuum
solution with all the scalars ~φ and χij vanishing, the metric in the t and zi directions is
given by ds2n = −dt2 + dz21 + · · · dz2n−1. We shall refer the R1,n−1 spacetimes of t and zi
coordinates as the world-volume of our solutions. It was shown in [3] that the Kaluza-Klein
reductions on the time and on space directions commute. Thus any permutation of the
“−1” and “1” entries in η given by (2.3) is equivalent.
The Kaluza-Klein reduction on Rn (or T n) with this type of ansatz, corresponding
to η being the identity matrix, was considered [13, 14], which is effectively implementing
successively [15–17] the S1 reduction. The reduction on R1,n−1 is analogous, and was
performed in [3]. The D-dimensional effective Lagrangian is given by
L = √g
(
R+ 14 tr(∂µM−1∂µM)
)
. (2.5)
Owing to the consistency of the reduction, the Ricci-flatness of the (D + n)-dimensional
metric (2.4) becomes equivalent to solutions to the lower D-dimensional system (2.5).
The Lagrangian (2.5) is invariant under the global SL(n,R) symmetry, with the trans-
formation rule
M−→ ΛT MΛ , (2.6)
where Λ is any n × n constant matrix satisfying det Λ = 1. This symmetry has an origin
as rather simple general coordinate transformations in the (D+n) dimensions. Indeed, the
metric (2.4) is invariant under (2.6) together with dz → Λ−1dz.
4
Throughout the paper, we consider solutions that is spherical symmetric for the D-
dimensional metric ds2D. Without loss of generality, We take the metric to have the form
ds2D =
dr2
f
+ r2dΩ2D−1 , (2.7)
where f and all the scalars depend on the radial variable r only. Einstein equations in the
foliating sphere SD−1 directions imply that
(D − 2)(1 − f)
r2
− f
′
2r
= 0 , (2.8)
where a prime denotes a derivative with respect to r. Thus we have
f = 1−
(a
r
)2(D−2)
. (2.9)
The Einstein equation associated with the Rrr term implies that
− (D − 1)f
′
2r f
+ 14tr(M−1
′M′) = 0 . (2.10)
The scalar equations of motion are given by
(M−1M˙)˙= 0 , (2.11)
where a dot denotes a derivative with respect to ρ, defined by
dρ =
dr
rD−1
√
f
. (2.12)
The second-order differential equations (2.11) can be easily integrated to give rise to a set
of first-order equations, given by
M−1M˙ = C , (2.13)
where C is a Lie-algebra valued constant matrix. Substituting this and (2.9) into (2.10), we
have
I ≡ −12tr(C2) = 2(D − 1)(D − 2)a2(D−2) . (2.14)
For the solution to be absent from a naked curvature power-law singularity at r = 0, it is
necessary to have a2(D−2) ≥ 0, which implies that I ≥ 0. For the case with I < 0, and
hence a2(D−2) < 0, a naked curvature power-law singularity at r = 0 is unavoidable. Note
that the quantity I is invariant under the global symmetry transformation, under which, C
transforms as
C → Λ−1CΛ . (2.15)
It is worth mentioning that the solution for f and equations for M apply to any scalar
coset M, not just the SL(n,R)/SO(1, n − 1) case which we consider. In the next three
sections, we shall obtain the most general solutions for the SL(2,R), SL(3,R) and SL(n,R)
respectively.
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3 General SL(2,R) solutions
In this section, we give a detail discussion for the case with n = 2. The Borel subalgebra of
SL(2,R) is generated by H and E+, given by
H =
1 0
0 −1
 , E+ =
0 1
0 0
 . (3.1)
The coset can be parameterised by
V = e12φHeχE+ =
e12φ χe12φ
0 e−
1
2φ
 . (3.2)
It follows that M is a symmetric 2× 2 matrix, given by
M = VTηV =
 −eφ −χeφ
−χeφ e−φ − χ2eφ
 , η = diag(−1, 1) . (3.3)
Substitute this to (2.5), we have
L = √g(R− 12(∂φ)2 + 12e2φ(∂χ)2) . (3.4)
The equations of motion (2.11) for the scalars can be solved by the following general
ansatz
M−1M˙ = C ≡
c11 c12
c21 c22
 (3.5)
where cij are constants subject to the traceless condition c22 = −c11. The equations of (3.5)
can be written explicitly, given by
φ˙ = c11 + c21χ , χ˙ = −c21e−2φ , (3.6)
together with an algebraic constraint
c21e
−2φ − c21χ2 − 2c11χ+ c12 = 0 . (3.7)
It is easy to verify that this algebraic constraint is consistent with the first-order equations
(3.6), and hence a partial solution to these equations. Substituting (3.6), (3.7) and (2.9)
into (2.10), we have the following constraint
I = −c211 − c12c21 = 2(D − 1)(D − 2)a2(D−2) . (3.8)
Thus the solution is parameterised by four parameters, namely c11, c12, c21 and one extra
from solving (3.6) and (3.7).
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As we discussed earlier, the system has an SL(2,R) global symmetry which can be used
to fix three of the four parameters, leaving one parameter arbitrary.1 To do this explicitly,
we first note that we can use the Borel subgroup to diagonalise V and hence M, at one
point in spacetime. We choose this point to be at asymptotic infinity r = ∞, such that
the solutions are asymptotic Minkowskian with the standard diagonal metric. This can be
achieved by making use of the Borel transformation, φ → φ + c1 and χ → χ + c2, to set
φ = 0 and χ = 0 at r = ∞, corresponding to M∞ = diag(−1, 1). After imposing this
boundary condition, it follows from (3.7) that we have
c21 = −c12 . (3.9)
Thus at asymptotic infinity, we have
M˙
∣∣∣
r→∞
= C˜ = −
c11 c12
c12 c11
 . (3.10)
We now apply the residual O(1, 1) symmetry, whose group elements can be parameterised
as
Λ =
c s
s c
 , (3.11)
where c = cosh δ (and s = sinh δ) is the boost parameter. This symmetry leaves M∞ =
diag(−1, 1) invariant, and transforms C and equivalently C˜ as follows
C → Λ−1C Λ , C˜ → ΛTC˜ Λ . (3.12)
Thus, we have
c11 → (c2 + s2)c11 + 2csc12 , c12 → (c2 + s2)c12 + 2csc11 . (3.13)
Depending on the values of cij , three inequivalent classes arise.
Class I: c11 < c12
In this class, C cannot be diagonalised to a real matrix. For simplification, we can use
the O(1, 1) symmetry to set c11 = 0 instead. It follows that we have the following solution
χ = tan
(√2(D − 1)
D − 2 arcsin(
a
r
)D−2
)
, e2φ =
1
1 + χ2
. (3.14)
1If one takes into account that the metric is Ricci-flat, and hence it remains a solution with any constant
scaling of the metric, this parameter can be viewed as trivial as well.
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The corresponding (D + 2)-dimensional metric is then given by
ds2D+2 =
dr2
1− (ar )2(D−2)
+ r2dΩ2D−1 +
1√
1 + χ2
(
− dt2 + dz21 − 2χdt dz1
)
. (3.15)
For a2(D−2) > 0, this is precisely the Ricci-flat Lorentzian wormhole solution obtained in [1],
although now with a different radial coordinate. For a2(D−2) < 0, the solution has a naked
curvature power-law singularity at r = 0.
Class II: c11 > c12
In this class, we can find a boost parameter δ to set c12 = 0, so that the matrix C is
diagonal. We send a2(D−2) → −a2(D−2) since in this case we have I ≤ 0. The solution can
be straightforwardly obtained, given by
ds2D+2 = r
2dΩ2D−1 +
dr2
1 + (ar )
2(D−2) − eλρdt2 + e−λρdz21 ,
ρ = − 1
(D − 2)aD−2 arcsinh
(a
r
)D−2
, λ =
√
2(D − 1)(D − 2)aD−2 . (3.16)
The solution has a naked curvature power-law singularity at r = 0.
Class III: c11 = c12
We shall parameterise C to be
C2 = α
 1 1
−1 −1
 , (3.17)
This 2 × 2 matrix is rank 1 with all eigenvalues vanishing; it cannot be diagonalised. The
condition (3.8) implies that a = 0, and hence f = 1. The scalars χ and φ can be easily
solved, given by
eφ = 1− q
rD−2
, χ = 1− e−φ , q = α
D − 2 . (3.18)
The corresponding (D + 2)-dimensional metric describes the standard pp-wave, given by
ds2D−2 = −dudv +
q
rD−2
dv2 + dr2 + r2dΩ2D−1 . (3.19)
where u = t− z1 and v = t+ z1 are the asymptotic light-cone coordinates.
Thus we have demonstrated that there are total three classes of solutions of the SL(2,R)
system. By requiring the absence of naked curvature power-law singularity, the most general
Ricci-flat metric in (D+2) dimensions with the R1,1×SO(D) isometry with fixed R1,1 volume
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is either a wormhole or a pp-wave. As was observed in [1], the latter can be obtained as a
singular infinite boost of the former.
It is worth pointing out that the boosted Schwarzschild black hole is not include in the
solution space. This is because the volume form for world-volume R1,1 in this case is not a
constant.
4 General SL(3,R) solutions
The coset SL(3,R)/SO(1, 2) representative V in a Borel gauge is given by [3]
V = e 12 ~φ· ~H eχ23 E23 eχ13 E13 eχ12 E12
=

e
1
2
√
3
φ1− 12φ2 χ12 e
1
2
√
3
φ1− 12φ2 χ13 e
1
2
√
3
φ1− 12φ2
0 e
− 1√
3
φ1 χ23 e
− 1√
3
φ1
0 0 e
1
2
√
3
φ1+
1
2
φ2
 , (4.1)
where ~H represents the two Cartan generators, and Eij denote the positive-root generators
of SL(3,R). It follows that we have
M = VT η V , η = diag (−1, 1, 1) . (4.2)
The D-dimensional Lagrangian (2.5) is then given by
(
√
g)−1L = R− 12(∂φ1)2 − 12(∂φ2)2 +
1
2
e−2φ2(∂χ13 − χ23∂χ12)2
−12e−
√
3φ1−φ2(∂χ23)2 + 12e
√
3φ1−φ2(∂χ12)2 . (4.3)
The scalar equations of motion (2.11) can be solved by the following constant matrix
M−1M˙ = C ≡

c11 c12 c13
c21 c22 c23
c31 c32 −c11 − c22
 . (4.4)
One can read off five first-order equations for the five scalars φ1, φ2, χ12, χ13 and χ23. In
addition, there are three algebraic constraints which are partial solutions to the equations.
Substituting (4.4) to (2.10), we obtain
I = −12tr(C2) = −(c211 + c222 + c12c21 + c11c22 + c13c31 + c23c32)
= 2(D − 1)(D − 2)a2(D−2) . (4.5)
Thus we see that the solution is parameterised by a total of 10 constant parameters, eight
cij ’s and two extra from solving for the first-order equations and algebraic constraints. The
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system has an SL(3,R) global symmetry, which can remove eight parameters, leaving the
solution with two arbitrary parameters.
To apply the global SL(3,R) symmetry, we first use the Borel transformations to set
φi = 0 and χij = 0 at the asymptotic infinity, r = ∞. The spacetimes at r = ∞ is then
Minkowskian since we haveM∞ = η. Apply this boundary condition to the three algebraic
constraints, we find that
c21 = −c12 , c31 = −c13 , c32 = c23 . (4.6)
Thus we have
M˙
∣∣∣
r→∞
≡ C˜ = −

c11 c12 c13
c12 −c22 −c23
c13 −c23 c11 + c22
 , (4.7)
The upshot of this discussion is that the constant traceless matrix C defined in (4.4), after
applying the Borel subgroup of SL(3,R) global transformations, can be expressed as C = ηC˜,
where C˜ a symmetric constant matrix.
As we shall discuss in detail in appendix for the general SL(n,R), three different classes
of solutions emerge depending on the value of the matrix C. In this section, we shall just
present the results.
Class I:
The first class corresponds to the case where C has a pair of complex eigenvalues. It is
isomorphic to
C =

α −β 0
β α 0
0 0 −2α
 . (4.8)
We find that the corresponding (D + 3)-dimensional metric is given by
ds2 = r2dΩ2D−1 +
dr2
1− (a
r
)2(D−2)
eαρ[cos(βρ)(−dt2 + dz21) + 2 sin(βρ) dt dz1] + e−2αρdz22 ,
ρ = − 1
(D − 2)aD−2 arcsin
(a
r
)D−2
, (4.9)
with
β2 − 3α2 = 2(D − 1)(D − 2)a2(D−2) . (4.10)
For a2(D−2) > 0, the solution describes a smooth Lorentzian wormhole. In special case with
α = 0, it describes a direct product of an SL(2,R) wormhole, discussed in section 3, with
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a real line. For a2(D−2) < 0, the solution has a naked curvature power-law singularity at
r = 0. When β2 = 3α2, corresponding to have a = 0, the solution has a naked curvature
power-law singularity at r = 0, since in this case ρ ∼ 1/rD−2.
Class II:
The second class corresponds to that C has three real eigenvalues, with one time-like
and 2 space-like eigenvectors. The matrix C can be diagonalised by a certain SO(1, 2)
matrix to give C = diag(λ0, λ1, λ2) with λ2 = −λ0 − λ1. In this case, we have I =
−12λ20 − 12λ21 − 12(λ0 + λ1)2. It follows from (4.5) that the reality condition implies that
f = 1 + a2(D−2)/r2(D−2). Thus we find that the corresponding (D + 3)-dimensional metric
is given by
ds2 = r2dΩ2D−1 +
dr2
1 + (a
r
)2(D−2)
− eλ0ρdz20 + eλ1ρdz21 + e−(λ0+λ1)ρdz23 ,
ρ = − 1
(D − 2)aD−2 arcsinh
(a
r
)D−2
, (4.11)
where
λ20 + λ
2
1 + (λ0 + λ1)
2 = 4(D − 1)(D − 2)a2(D−2) . (4.12)
This solution has a naked curvature power-law singularity at r = 0.
Class III:
In the third class, the matrix C has three real eigenvalues, but with degenerate eigen-
vectors. There are two inequivalent cases. The first case corresponds to that C is of rank 2
and all of its eigenvalues vanish. Such a C is isomorphic to
C3 = α

cos β − cos β 12 sin β
− cos β − cos β 12 sin β
−12 sin β 12 sinβ 0
 . (4.13)
We find that the corresponding (D + 3)-dimensional metric is given by
ds2D+3 = r
2dΩ2D−1 + dr
2 + ds˜23
ds˜23 = −(1 + ρ cos β − 18ρ2 sin2 β)dt2 + (1− ρ cos β + 18ρ2 sin2 β)dz21
+2(ρ cos β − 18ρ2 sin2 β)dtdz1 − ρ sin β dtdz2
+ρ sinβ dz1dz2 + dz
2
2 . (4.14)
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with ρ = − α
(D−2)rD−2 . In the asymptotic light-cone coordinates u = t+ z1 and v = t− z1,
the metric becomes
ds2D+3 = −dudv + dw2 −
(
ρ cos β − 18ρ2 sin2 β
)
dv2 − ρ sin β dvdw + dr2 + r2dΩ2D−1 .(4.15)
Here we rename the z2 coordinate to be w. This metric has non-vanishing Riemann tensor
components, and hence it is not flat. We also verify that the Riemann tensor square and
cubic scalar invariants all vanish identically. We expect that as in the case of the vacuum
pp-wave solution, all the polynomial scalar invariants of the Riemann tensor for the metric
(4.15) vanish identically.
The new wave solutions fit the general definition of pp-waves in that there exists a
covariantly constant null vector k = ∂/∂u. However, there are several differences comparing
this new wave solution to the usual pp-wave. The world-volume for the usual pp-wave
solution is two dimensional, whilst it has three dimensions spanned by (t, z1, z2) (or (u, v, w))
for the new solution. The mass and the momentum are given by
M = α cos β , P1 = α cos β , P2 = −12α sin β , (4.16)
Note that the mass and the momentum components are evaluated from the Komar integrals
for the Killing vectors ∂/∂t and ∂/∂zi respectively. We omitted certain overall inessential
constant factor in presenting the quantities above. Thus the solution is of tachyonic nature,
since M2 − P 21 − P 22 = −14α2 sin2 β ≤ 0. We shall call this solution tachyon wave. We can
make an orthonormal transformation
z1 → 2 cos β z1 + sin βz2√
4 cos2 β + sin2 β
, z2 → 2 cos β z2 − sinβz1√
4 cos2 β + sin2 β
, (4.17)
such that the momentum has only the z1 component. In these coordinates, we have
M = α cosβ , P1 = α cos β
√
1 + 14 tan
2 β , P2 = 0 , (4.18)
The vacuum pp-wave (3.19) has half of Killing spinors. As we show in the appendix B,
there is no Killing spinor in this tachyon wave solution. This is consistent with the fact that
the BPS condition for a tachyon is obviously not satisfied. When β = 0, we have P2 = 0
and M = P1, the BPS condition is then satisfied and the solution becomes the pp-wave.
When β = 12π, the solution becomes massless, but with non-vanishing linear momentum.
The tachyon wave metric (4.15) is valid also for D = 1 and D = 2, corresponding to
total 4 and 5 spacetime dimensions. The corresponding ρ is given by ρ = α log(r) and
ρ = αr respectively. The metrics for these two cases are given by
ds24 = −dudv + dw2 − (xα cos β − 18x2α2 sin2 β)dv2 − xα sin β dvdw + dx2 ,
12
ds25 = −dudv + dw2 − (log r α cos β − 18(log r)2α2 sin2 β)dv2
− log r α sinβ dvdw + dr2 + r2dφ2 , (4.19)
However, in these two cases, there is no well-defined asymptotic region. Note that the four-
dimensional metric belongs to the type N in the Petrov classification. When β = 0, the
four-dimensional metric is flat.
We can perform Kaluza-Klein reduction on the w direction for the tachyon wave (4.15).
We have
ds2D+2 = −dudv −
(
ρ cos β + 18ρ
2 sin2 β
)
dv2 + dr2 + r2dΩ2D−1 ,
A = −12ρ sin β dv . (4.20)
Thus, the lower-dimensional solution is a usual pp-wave supported by a Maxwell field.
The second degenerate case for C is given by
C =

α+ β α 0
−α −α+ β 0
0 0 −2β
 . (4.21)
The solution is given by
ds2D+3 = r
2dΩ2D−1 +
dr
1 +
(
a
r
)2(D−2) + eβρ(−dudv + qρdv2) + e−2βρdz22 ,
ρ = − 1
(D − 2)aD−2 arcsinh
(a
r
)(D−2)
, β =
√
2
3 (D − 1)(D − 2) a2(D−2). (4.22)
When β = 0, the matrix (4.21) reduces to (3.17) and the metric above becomes the vacuum
pp-wave. When α = 0, corresponding to q = 0, the solution becomes that of class I. In
general the solution has a naked curvature power-law singularity at r = 0.
5 General SL(n,R) solutions
Having discussed the SL(2,R) and SL(3,R) examples, it is straightforward to generalise
to obtain the most general spherical symmetric solutions for any SL(n,R). We can use
the Borel transformation to to diagonalise M at the asymptotic infinity r = ∞, namely
M∞ = η. This implies that the traceless matrix C has the property that ηC is symmetric.
To be specific, for M give by (2.3), C is given by
C =

−∑n−1i=1 Φ˙i −χ˙01 . . . −χ˙0,n−1
χ˙01 Φ˙1 . . . χ˙1,n−1
...
...
. . .
...
χ˙0,n−1 χ˙1,n−1 . . . Φ˙n−1
 |r→∞ . (5.1)
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As we demonstrate in appendix A, three classes of solution emerge depending on the
values of the C.
Class I:
The first class corresponds to a C with a pair of complex eigenvalues. Using the SO(1, 1−
n) residual global symmetry, we can simplify C as follows
C =

α −β
β α
λ2
. . .
λn−1

, (5.2)
with tr(C) = 0. We find that the corresponding (D + n)-dimensional Ricci-flat metric can
be straightforwardly obtained, given by
ds2D+n = r
2dΩ2D−1 +
dr2
1− (ar )2(D−2)
+eαρ[cos(βρ)(−dt2 + dz21) + 2 sin(βρ)dtdz1] +
n−1∑
i=2
λλiρdz2i ,
n−1∑
i=2
λi + 2α = 0 , 2β
2 − 2α2 −
n−1∑
i=2
λ2i = 4(D − 1)(D − 2)a2(D−2) ,
ρ = − 1
(D − 2)aD−2 arcsin
(a
r
)D−2
. (5.3)
For a2(D−2) > 0, the solution describes a smooth Lorentzian wormhole. For a2(D−2) ≤ 0,
the solution has a naked curvature power-law singularity at r = 0. The global structure and
the traversability of the SL(2,R) Lorentzian wormhole in D = 5 were discussed in detail
in [1,18,19]. Note that there are no further off-diagonal terms in SL(n,R) wormholes than
the one with SL(2,R). We expect that the property of the general wormholes is analogous
to the SL(2,R) one. We shall discuss their properties in detail in a future publication.
Class II:
The second class corresponds to a C with all real eigenvalues and one of the eigenvectors
being time-like. In this case, it can be diagonalised by an SO(1, n− 1) transformation. We
thus have
C = diag(λ0, λ1, · · · , λn−1) , (5.4)
14
with tr(C) = 0. We find that the corresponding (D + n)-dimensional Ricci-flat metric
solution is
ds2D+n = r
2dΩ2D−1 +
dr2
1 +
(
a
r
)2(D−2) − eλ0ρdt2 + n−1∑
i=1
eλiρdz2i ,
n−1∑
i=0
λi = 0 ,
n−1∑
i=0
λ2i = 4(D − 1)(D − 2)a2(D−2) ,
ρ = − 1
(D − 2)aD−2 arcsinh
(a
r
)D−2
. (5.5)
The solution is asymptotic Minkowskian; it has a naked curvature power-law singularity at
r = 0.
Class III:
In this class, All the eigenvalues of the matrix C are real, but there are no time-like
eigenvector. As we demonstrate in Appendix A, there are two cases of C. They can be
constructed from the rank-1 C2 and rank-2 C3 given in (3.17) and (4.13) respectively.
The first case is given by
C =

C2 + λ01l
λ2
λ3
. . .
λn−1

, (5.6)
with tr(C) = 0. We find that the corresponding (D + n)-dimensional Ricci-flat metric is
given by
ds2D+n = r
2dΩ2D−1 +
dr
1 +
(
a
r
)2(D−2) + eλ0ρ(−dudv + qρdv2) + n−1∑
i=2
eλiρdz2i ,
ρ = − 1
(D − 2)aD−2 arcsinh
(a
r
)(D−2)
,
2λ0 +
n−1∑
i=2
λi = 0 , 2λ
2
0 +
n−1∑
i=2
λ2i = 4(D − 1)(D − 2)a2(D−2) . (5.7)
The solution reduces to the standard pp-wave when all λi’s vanish. In general the solution
has a naked curvature power-law singularity at r = 0.
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In the second case, we have
C =

C3 + λ01l
λ3
λ4
. . .
λn−1

, (5.8)
again with tr(C) = 0. We find that the corresponding (D+n)-dimensional Ricci-flat metric
is given by
ds2D+n = r
2dΩ2D−1 +
dr2
1 +
(
a
r
)D−2
+eλ0ρ[−dudv + dz22 − (ρ cos β − 18ρ2 sin2 β)dv2 − ρ sin β dvdz2] +
n−1∑
i=3
eλiρdz2i ,
ρ = − 1
(D − 2)aD−2 arcsinh
(a
r
)(D−2)
,
3λ0 +
n−1∑
i=3
λi = 0 , 3λ
2
0 +
n−1∑
i=3
λ2i = 4(D − 1)(D − 2)a2(D−2) . (5.9)
In general the solution also has a naked curvature power-law singularity at r = 0. The
tachyon wave arises when all λi’s vanish.
To summarise, in this section, we obtain the complete set of spherical symmetric solu-
tions for the SL(n,R)/SO(1, n− 1) coset scalar, and we obtain the corresponding (D+n)-
dimensional Ricci-flat metrics.
6 Euclidean signature solutions
In the previous sections, we consider solutions that are asymptotic Minkowskian. The
solution space becomes much simpler if we choose the Euclidean signature. In this case, the
matrix C is symmetric and can always be diagonalised by an SO(n) transformation. The
most general solution is then given by
ds2D+3 = r
2dΩ2D−1 +
dr2
1 +
(
a
r
)2(D−2) + n∑
i=1
eαiρdz2i (6.1)
with
n∑
i=1
αi = 0 ,
n∑
i=1
α2i = 4(D − 1)(D − 2)a2(D−2) ,
ρ = − 1
(D − 2)aD−2 arcsinh
(a
r
)(D−2)
(6.2)
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7 General p-brane wormholes and waves
In sections 2–5, we constructed the most general Ricci-flat metrics in (D + n) dimensions
with the R1,n−1×SO(D) isometry. There are three different classes of such solutions. Here
we construct charged solutions to Dˆ-dimensional Einstein gravity coupled to a (p+2)-form
field strength, together with a dilaton. The Lagrangian has the following general form
LDˆ =
√−g
(
R− 12(∂φ)2 −
1
2 (p+ 2)!
eαφF 2p+2
)
. (7.1)
where Fp+2 = dAp+1. The constant α can be parameterised as [15]
α2 = ∆− 2(p + 1)(Dˆ − p− 3)
Dˆ − 2 . (7.2)
The Lagrangian (2.5) is of the form that typically arises as a truncation of the full Lagrangian
in many supergravities, with ∆ being given by
∆ =
4
N
, (7.3)
for integer N . The values of N that can arise depends on the spacetime dimensions; they
are classified in [16].
We start with the Ricci-flat solutions in (D + n) dimensions constructed in the paper,
and augment the spacetime with flat directions to become Dˆ = D+n+m dimensions. The
Ricci-flat Dˆ-dimensional metric has the form
ds2
Dˆ
= ds2D + ds
2
n +
m∑
i=1
(dxi)2 , (7.4)
where the first two terms denotes the general SL(n,R) solutions we obtained in the previous
sections. We now follow [12], and consider an electric p-brane solution where p = m+n−1.
We find that the solution is given by
ds2
Dˆ
= H
(p+1)N
Dˆ−2 ds2D +H
− (D−2)N
Dˆ−2
(
ds2n +
m∑
i=1
(dxi)2
)
eαφ = H
2− (p+1)(D−2)N
Dˆ−2 ,
Fp+2 =
√
Ndz1 ∧ · · · ∧ dzn ∧ dx1 ∧ · · · ∧ dxm ∧ dH−1 , (7.5)
where H is a harmonic function on the metric ds2D. Thus for spherical symmetric branes,
we have
f = 1 : H = 1 +
Q
rD−2
,
f = 1−
(a
r
)2(D−2)
: H = 1 +Q arcsin
(a
r
)
,
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f = 1 +
(a
r
)2(D−2)
: H = 1 +Q arcsinh
(a
r
)
. (7.6)
Note that we can also consider “magnetic p-brane wormholes,” which are equivalent to
the previously-discussed electric cases, but constructed using the (Dˆ − p − 2)-form dual of
the (p+2)-form field strength Fp+2. In other words, we can introduce the dual field strength
F˜p˜+2 = e
αφ ∗Fp+2 , (7.7)
where p˜ = Dˆ − p− 4, in terms of which the Lagrangian (7.1) can be rewritten as
L
Dˆ
=
√−g
(
R− 12(∂φ)2 −
1
2 (p˜ + 2)!
e−αφF˜ 2p˜+2
)
. (7.8)
where F˜p˜+2 = dA˜p˜+1. The electric solution (7.5) of (7.1) then be reinterpreted as a magnetic
solution of (7.8), with F˜(n˜) given by
F˜p˜+2 =
√
N (D − 2)QΩD−1 . (7.9)
A particularly interesting class of brane solutions are those where the dilaton decouples.
These include the M-branes and D3-brane. The global structure of such a brane with
an SL(2,R) wormhole was discussed in [12]. These solutions connect AdS×Sphere in one
asymptotic region to a flat Minkowski spacetimes in the other. We expect that this property
maintains when the general allowed SL(n,R) wormholes are added to the branes.
Here we present explicitly the M-branes and D3-brane on the background of the tachyon
wave (4.15) we constructed in section 4. We find that the M2-brane tachyon wave is given
by
ds211 = H
−23
(
− dudv + dw2 − (α cos β
r6
− α
2 sin2 β
8r12
)dv2 − α sinβ
r6
dvdw
)
+H
1
3 (dr2 + r2dΩ27) ,
F(4) = du ∧ dv ∧ dw ∧ dH−1 , H = 1 + Q
r6
. (7.10)
The M5-brane tachyon wave is
ds211 = H
−13
(
− dudv + dw2 − (α cos β
r3
− α
2 sin2 β
8r6
)dv2 − α sinβ
r3
dvdw + dxidxi
)
+H
2
3 (dr2 + r2dΩ24) ,
F(4) = 3QΩ(4) , H = 1 +
Q
r3
. (7.11)
Finally, the D3-brane tachyon wave of the type IIB supergravity is
ds210 = H
−12
(
− dudv + dw2 − (α cos β
r4
− α
2 sin2 β
8r8
)dv2 − α sinβ
r4
dvdw + dxidxi
)
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+H
1
2 (dr2 + r2dΩ25) ,
F(4) = 4Q (Ω(5) + ∗Ω(5)) , H = 1 + Q
r4
. (7.12)
In the decoupling limit where the constant 1 in function H can be dropped, the metric
becomes a direct product of AdS tachyon wave and a sphere. The AdS tachyon wave in
arbitrary dimensions is given by
ds2D =
dy2
y2
+ y2
(
−dudv+dw2− (α cosβ
yD−1
− α
2 sin2 β
8y2(D−1)
)dv2− α sin β
yD−1
dvdw+dxidxi
)
, (7.13)
where i = 1, . . . , (D − 4), and the cosmological constant is scaled to be unit. In other
words, the metrics satisfy Rµν = −(D− 1)gµν . At asymptotic infinity r =∞, the metric is
the AdSD in holospherical coordinates. The solution describes a tachyon wave propagating
in the AdSD spacetime. It is easy to verify that the Polynomial scalar invariants of the
Riemann tensors are all independent on the parameters α and β. For β = 0, it becomes a
pp-wave in the AdS. For β = 12π, the tachyon wave is massless.
8 Generalise to GL(n,R)
In the R1,n−1 reduction we considered in section 2, we can also turn on the breathing mode
that scales the volume of the R1,n−1 spacetime. The resulting scalars in D-dimensional
parameterise a coset of GL(n,R)/O(1, n − 1). The reduction ansatz is given by
ds2D+n = e
−
r
2n
(D−2)(D+n−2) ϕds2D + e
r
2(D−2)
n(D+n−2) ϕdzTMdz , (8.1)
The D-dimensional Lagrangian is given by
L = √g (R− 12(∂ϕ)2 + 14tr(∂µM−1∂µM)) . (8.2)
We now define
Mˆ = e
1√
2n
ϕM . (8.3)
The Lagrangian becomes
L = √g
(
R+ 14 tr(∂µMˆ−1∂µMˆ)
)
. (8.4)
It follows that the constant matrix Cˆ, define by
Mˆ−1 ˙ˆM≡ Cˆ , (8.5)
has the same property as C except that it is no longer traceless. The classification of the C
matrix also holds for Cˆ. This leads to the following three classes of solutions.
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Class I:
This generalises the first class of the SL(n,R) solutions. It is given by
ds2D+n = e
− λρD−2
(
r2dΩ2D−1 +
dr2
1− (ar )2(D−2)
)
+eαρ[cos(βρ)(−dt2 + dz21) + 2 sin(βρ)dtdz1] +
n−1∑
i=2
eλiρdz2i , (8.6)
where
ρ = − 1
(D − 2)aD−2 arcsin
(a
r
)D−2
, 2α+
n−1∑
i=2
λi = λ ,
2(β2 − α2)−
n−1∑
i=2
λ2i −
λ2
D − 2 = 4(D − 1)(D − 2)a
2(D−2) . (8.7)
For a2(D−2) > 0, the solution describes a smooth Lorentzian wormhole that connects two
asymptotic flat spacetimes. For a2(D−2) ≤ 0, the solution has a naked curvature power-law
singularity at r = 0.
Class II:
This generalises the second class of the SL(n,R) solutions. The Cˆ can be diagonalised,
and there is no traceless condition on the eigenvalues λi. We find that the (D + n)-
dimensional Ricci-flat metric is given by
ds2D+n = e
− λρ
D−2
(
r2dΩ2D−1 +
dr2
1 +
(
a
r
)2(D−2))− eλ0ρdt2 + n−1∑
i=1
eλiρdz2i ,
n−1∑
i=0
λi = λ ,
n−1∑
i=0
λ2i +
λ2
D − 2 = 4(D − 1)(D − 2)a
2(D−2) ,
ρ = − 1
(D − 2)aD−2 arcsinh
(a
r
)D−2
. (8.8)
In general, the solution has a naked singularity at r = 0. However, when λi = 0 for all
i except λ0, we have λ0 = λ = 2(D − 2)aD−2. The prefactor of dΩ2D−1 becomes a finite
and non-vanishing constant at r = 0. The solution is the Schwarzschild black hole with the
horizon located at r = 0.
Class III:
This generalises the third class of the SL(n,R) solutions. The (D + n)-dimensional
Ricci-flat metrics are given by
ds2D+n = e
− λρD−2
(
r2dΩ2D−1 +
dr2
1 +
(
a
r
)2(D−2))− eλ0ρds˜2p + n−1∑
i=p
eλiρdz2i ,
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pλ0 +
n−1∑
i=p
λi = λ , pλ
2
0 +
n−1∑
i=p
λ2i +
λ2
D − 2 = 4(D − 1)(D − 2)a
2(D−2) ,
ρ = − 1
(D − 2)aD−2 arcsinh
(a
r
)D−2
, (8.9)
where p = 2, 3 and the ds˜2p’s are given by
ds22 = −dudv + αρ dv2 ,
ds23 = −dudv + dw2 − (α cos β ρ− 18α2 sin2 β ρ2)dv2 − α sin β ρ dvdw . (8.10)
In general the solution has a naked curvature power-law singularity at r = 0. When all the
λi vanish, the solution reduces to either the pp-wave for p = 2 and the tachyon wave for
p = 3.
9 Conclusions
In this paper, we construct the most general Ricci-flat metrics in (D + n) dimensions with
the R1,n−1 × SO(D) isometry. We find there are three classes of solutions. The first class
describes the smooth Lorentzian wormholes that connect two asymptotic-flat spacetimes,
as well as its analytic extension which has a naked curvature power-law singularity in the
middle. All the wormhole metrics have one off-diagonal component in the R1,n−1 directions
so that the solutions have both mass and a linear momentum, which propagates in one
space direction. In the second class, the metric in the R1,n−1 direction is diagonal, and
hence the solution has only the mass, with no linear momentum. The solution is asymptotic
Minkowskian, but with a naked curvature power-law singularity in the middle. The third
class describes a tachyon wave whose linear momentum is larger than its mass. The solution
fits the general definition of a pp-wave in that there exists a covariantly constant null vector.
However, the tachyon wave has its own distinct features. The world-volume for the tachyon
wave is R1,2 instead of R1,1 for the usual pp-waves. We verify, up to the cubic order, that
the Polynomial scalar invariants of the Riemann tensor vanish identically. We expect that
they all vanish identically, as in the case of the pp-waves. We also show in the appendix B
that the tachyon waves admit no Killing spinor except in D = 4, in which case, it preserves
half of the supersymmetry.
We also obtain p-brane solutions where the R1,n−1 part of the spacetime lies in the world-
volume of the p-branes. Particularly interesting examples include M-branes and D3-brane,
for which AdS can arise in certain decoupling limits. For the first class, solutions become
AdS wormholes that connect AdS×Sphere in one asymptotic region to a flat spacetime in the
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other. The global structure and traversability of the SL(2,R) wormholes were discussed
in detail in [1, 12]. (See also [18, 19].) We shall discuss these properties of the general
GL(n,R) wormholes in a future publication. For the third class we obtain p-brane solutions
with a tachyon wave propagating in the world-volume. In the decoupling limit of the
corresponding M-branes and D3-brane, the metric becomes a direct product of a sphere
and an AdS tachyon wave. We present the AdS tachyon wave for all dimensions D ≥ 4.
These solutions and the AdS wormholes provide interesting backgrounds for the AdS/CFT
correspondence.
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A Properties of the matrix C
In this appendix, we study the properties of the SL(n,R) Lie-algebra valued integration
constant matrix C, defined by
M−1M˙ ≡ C . (A.1)
(See section 2 for detail.) We require all the elements of C to be real. Under the SL(n,R)
transformation
d~z → Λ−1d~z , M→ ΛTMΛ , (A.2)
C transforms as
C → Λ−1CΛ . (A.3)
We use the Borel transformation to fix the boundary condition for M so that
M∞ = η ≡ diag(−1, 1, . . . , 1) . (A.4)
It follows that with this boundary condition ηC must be symmetric. The general C is given
by (5.1).
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There is a residual SO(1, n− 1) symmetry of SL(n,R) that preserves asymptotic M∞.
We can use the SO(n− 1) subgroup to simplify C so that we have
C =

−α0 −β1 −β2 · · · −βn−1
β1 α1 0 · · · 0
β2 0 α2 · · · 0
...
...
...
. . .
...
βn−1 0 0 · · · αn−1

. (A.5)
Here α0 =
∑n−1
i=1 αi so that the matrix is traceless. Note that C can have real or complex
eigenvalues. Since C is real, complex eigenvalues should arise in pairs. The eigenvectors,
satisfying
Cuvv(a)v = λ(a)v(a)u , Cuvv∗(a)v = λ∗(a)v∗(a)u , (A.6)
form a linear space. The inner product of the eigenvectors is defined by contracting indices
with the Minkowski metric given in Eq.(A.4). It follows that any real eigenvector ~v, as-
sociated with a real eigenvalue, can be time-like, space-like or null, depending on whether
v2 ≡ vuvu = −1, 1 or 0.
We now present a set of properties of C, which will be useful for its classification.
p.1 Using η to raise or lower indices, we have Cuv = C uv . It follows that for any eigenvector
defined in Eq.(A.6), we have
v(a)u Cuv = C uv v(a)u = Cvuv(a)u = λ(a)v(a)v . (A.7)
p.2 Eigenvectors of different eigenvalues are orthogonal to each other.
Proof: By using p.1, we have
v(b)u Cuvv(a)v = λ(a)v(b)u v(a)u = λ(b)v(b)v v(a)v ,
=⇒ v(b)u v(a)u = 0 if λ(a) 6= λ(b) . (A.8)
As a result, the eigenvector of any real eigenvalue is orthogonal to both the real and
imaginary part of the eigenvector of any complex eigenvalue.
p.3 All the time-like and linearly-independent null vectors have non-vanishing inner product
with each other.
Proof:
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• For any two time-like vectors, one can always choose a normal orthogonal basis
such that they are in the form
~v(1) = a{1, 0, · · · , 0} ; ~v(2) = b{cosh δ, sinh δ, 0, · · · , 0} . (A.9)
• For any two linearly independent null vectors, we can always choose a normal
orthogonal basis so that they are in the form
~v(1) = a{1, 1, 0, · · · , 0} ; ~v(2) = b{1, cos δ, sin δ, 0, · · · , 0} . (A.10)
• For a time like vector and a null vector, we can always choose a normal orthog-
onal basis such that they are in the form
~v(1) = a(1, 0, 0 . . . ) ; ~v(2) = b(1, 1, 0, . . . ) . (A.11)
It is clear that ~v(1) and ~v(2) have a non-vanishing inner product in all three cases
above.
p.4 The matrix C can have at most one pair of complex eigenvalues.
Proof : Suppose there exist two pairs of different complex eigenvalues λ(1), λ(1)∗ and
λ(2), λ(2)∗ , and the corresponding eigenvectors ~x ± i~y and ~u ± i~v . Because of p.2 ,
one has
~x2 + ~y2 = ~u2 + ~v2 ; (A.12)
~x · ~u = ~x · ~v = ~y · ~u = ~y · ~v = 0 . (A.13)
Eq.(A.12) implies that one in ~x, ~y and one in ~u,~v must be either time-like or null.
However, this is in contradiction with p.3 and Eq.(A.13). So there can be at most
one pair of complex eigenvalues.
p.5 Any null subspace can only have one null direction.
Proof: Suppose there are two linearly-independent null vector ~v(1) and ~v(2). Without
loss of generality, we can choose
~v(1) = a(1, 1, 0, 0 . . . ) ; ~v(2) = b(1, cos θ, sin θ, 0 . . . ) , (A.14)
then ~v
(1)
a +
~v(2)
b is timelike thus the space is timelike. Therefore, null subspace can has
only one null direction.
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We can now use these properties to classify the matrix C.
Class I:
In this class, C has one and only pair of complex eigenvalues, as is allowed by p.4. In
this case, we should not diagonalise the C since we require that C to be a real matrix.
From the proof of p.4, we see that the existence of a pair of eigenvalues means the
existence of a time-like or null vector. Then from p.2 and p.3, the remaining real eigenvalues
of C must all have space-like eigenvectors. These space-like eigenvectors can be used to
partially diagonalise C . So if the pair of complex eigenvalues is p-fold degenerate, we have
C =

N2p×2p
λ2p
. . .
λn−1
 , (A.15)
with
N2p×2p =

−α0 −β1 −β2 · · · −β2p−1
β1 α1 0 · · · 0
β2 0 α2 · · · 0
...
...
...
. . .
...
β2p−1 0 0 · · · α2p−1

. (A.16)
As we shall see presently, all βi are non-vanishing, and
αi 6= αj , if i 6= j for i, j = 1, · · · , 2p − 1 . (A.17)
Since N2p×2p has a pair of p-fold degenerate complex eigenvalues,
Det(N2p×2p − λI2p×2p) = (a+ i b− λ)p(a− i b− λ)p ,
=⇒ βi =
√[
(αi − a)2 + b2
]p∏
j 6=i(αi − αj)
, i, j = 1, · · · , 2p − 1 ;
a = Tr(N2p×2p)/(2p) . (A.18)
It is easy to see that the constants βi cannot be all real for p ≥ 2 . However for p = 1 , we
have
a =
α1 − α0
2
, β1 =
√
(α1 − a)2 + b2 . (A.19)
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So N2p×2p exists only for p = 1 . In this case, we can use O(1, 1) symmetry to set α0 = α1.
Thus the C in this case can all be simplified by the SO(1, n− 1) symmetry to be
C =

α −β
β α
λ2
. . .
λn−1

, (A.20)
Class II:
All the eigenvalues are real and C has one time-like eigenvector ~x(0). In fact, as we
can see from p.3, there can be no more than one time-like eigenvector in constructing an
orthogonal basis. We build a normal orthogonal basis ~x(µ) based on ~x(0)
xρ(µ)x(ν)ρ = η(µ)(ν). (A.21)
Making an SO(1, n − 1) transformation as
Λ ρµ = x
ρ
(µ), (A.22)
then C can be reduced to
C →
λ 0
0 C(n−1)×(n−1)
 . (A.23)
The Euclidean subspace associated with C(n−1)×(n−1) can be diagonalised by a further
SO(n − 1) transformation. This is consistent with that there could be no more time-like
eigenvectors orthogonal to x(0). Thus in this class, C can be diagonalised by an SO(1, n−1)
transformation, give by
C = diag(λ0, λ1, . . . , λn−1) . (A.24)
Class III:
In this class, all the eigenvalues are real, but there is no time-like eigenvector. It follows
that all the eigenvectors must be space-like or null. We see from p.1 and p.2 that all null
eigenvectors must share the same eigenvalue and thus they belong to the same eigenspace.
In addition, with p.5, we conclude further that there is actually only one null eigenvector.
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If there is a space-like eigenvector ~x(n−1), we can build a normal orthogonal basis ~x(µ)
based on ~x(n−1) and construct the corresponding SO(1, n− 1) transformation Λ as in class
II, which transforms C to
C →
C(n−1)×(n−1) 0
0 λ
 , (A.25)
This procedure can be repeated until there is no more space-like eigenvector in the remaining
off-diagonal subspace. This leads to
C =

Np×p
λp
. . .
λn−1
 , (A.26)
where Np×p is a degenerate matrix with only one p-fold eigenvalue λ but only one eigenvec-
tor, which is null. Obviously, we must have p > 1; otherwise, the system would be reduced
class II.
By SO(p− 1) transformations, we can take
Np×p =

−α0 −β1 −β2 · · · −βp−1
β1 α1 0 · · · 0
β2 0 α2 · · · 0
...
...
...
. . .
...
βp−1 0 0 · · · αp−1

. (A.27)
As we see presently, all the constants are non-vanishing, and
αi 6= αj if i 6= j for i, j = 1, · · · , p− 1 . (A.28)
Furthermore, Since Np×p has a p-fold degenerate eigenvalue, it follows that
Det(Np×p − λIp×p) = (λ0 − λ)p
=⇒ βi =
√
(αi − λ0)p∏
j 6=i(αi − αj)
, i, j = 1, · · · , p− 1 ;
λ0 =
1
p
Tr(Np×p) . (A.29)
It can be easily seen that the βi cannot be all real for p ≥ 4 . So Np×p exists only for p = 2
and p = 3. Indeed, both cases have one null eigenvector.
Let us first look at the case with p = 2. We have
λ0 =
α1 − α0
2
, β1 = |α1 − λ0| = |α0 + α1|
2
. (A.30)
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For n = 2, the traceless condition implies that
C2 = α
1 −1
1 −1
 , (A.31)
For n ≥ 3, we have
C =

C2 + λ01l
λ2
. . .
λn−1
 (A.32)
Now let us consider p = 3. We have
λ0 =
1
3 (α1 + α2 − α0) , β1 =
√
(α1 − λ0)3
α1 − α2 , β2 =
√
(α2 − λ0)3
α2 − α1 . (A.33)
For n = 3, the traceless condition implies that λ0 = 0. We can parameterise α1 = α sin
2 1
2β
and α2 = −α cos2 12β. Thus we have
C3 = α

cosβ − sin3 12β − cos3 12β
sin3 12β sin
2 1
2β 0
cos3 12β 0 − cos2 12β
 . (A.34)
The C3 given in sections 4 and 5 is related to this by an SO(2) transformation. For n ≥ 4,
we thus have
C =

C3 + λ01l
λ3
. . .
λn−1
 (A.35)
Note that the matrices Cp have rank p − 1 for p = 2, 3. In both cases, all eigenvalues are
zero, with just one eigenvector, which is null. Also the proportion factor α in C2 and C3 can
be set to 1 by a further boost. We keep it since it is related to the momentum charge for
the corresponding waves.
Finally it is worth pointing out that the above classification also applies for the GL(n,R)
system, in which case, the traceless condition for C is relaxed.
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B Killing spinor analysis for the tachyon wave
The tachyon wave solution in D ≥ 4 dimensions we obtained in section 4 can be rewritten
as
ds2D = −dudv + dw2 −
(
αρ cos β − 18α2ρ2 sin2 β
)
dv2 − αρ sin β dvdw +
D−3∑
i=1
dxidxi , (B.1)
where ρ is given by
ρ = r5−D , for D ≥ 6 ,
ρ = log r , for D = 5 ,
ρ = r , for D = 4 , (B.2)
with r ≡
√
xixi is the radial coordinate of the transverse space dxidxi. We choose the
following vielbein basis
e+ˆ = 12dv , e
−ˆ = du+ (αρ cos β + 18α
2ρ2 sin β)dv ,
ewˆ = dw − 12αρ sin βdv , eiˆ = dxi , (B.3)
then we have
ds2 = −2e+ˆe−ˆ + (ewˆ)2 + eiˆeiˆ . (B.4)
Note that we use hat to denote tangent indices. The non-vanishing spin connections are
given by
ωwˆ+ˆ = −12(D − 5)α sin β
xi
rD−3
dxi ,
ωiˆ+ˆ = −(D − 5)α
xi
rD−3
(cos βdv + 12 sin βdw) ,
ωiˆwˆ = −14(D − 5)α sin β
xi
rD−3
dv . (B.5)
Note that for D = 5, we will take (D − 5)α ≡ α˜ to be non-vanishing. Substituting these
into the Killing spinor equation
δψM = DM ǫ =
(
∂M +
1
4ω
AB
M ΓAB
)
ǫ = 0 , (B.6)
we have (
∂i − 14(D − 5)α sinβ
xi
rD−3
ΓwˆΓ+ˆ
)
ǫ = 0 , (B.7)(
∂v − 12(D − 5)α
xi
rD−3
[cos β ΓiˆΓ+ˆ + 14 sin β Γ
iˆΓwˆ]
)
ǫ = 0 , (B.8)(
∂w − 14(D − 5)α sin β
xi
rD−3
ΓiˆΓ+ˆ
)
ǫ = 0 , (B.9)
∂uǫ = 0 , (B.10)
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In D = 4, for generic β value, solution is ǫ = exp(−18αv sin βΓxˆΓwˆ)ǫ0, where ǫ0 is a
constant spinor with Γ+ˆǫ0 = 0, and hence the solution preserves half of the supersymmetry.
When β = 0, the metric is flat and hence it preserves full supersymmetry. Indeed, the
Killing spinor is given by ǫ = (1− 12αvΓxˆΓ+ˆ)ǫ0, where ǫ0 is an arbitrary constant spinor.
For D ≥ 5, the β = 0 case gives rise to the vacuum pp-wave solution. The corresponding
Killing spinors are constant spinors ǫ0 subject to Γ
+ˆǫ0 = 0. For generic β 6= 0, the equations
(B.7,B.10) can be easily solved, given
ǫ = exp
[
−14α sin β
1
rD−5
ΓwˆΓ+ˆ
]
ǫ˜(v,w) =
(
1− 14α sinβ
1
rD−5
ΓwˆΓ+ˆ
)
ǫ˜(v,w) . (B.11)
Substituting this into (B.8), we have(
∂w − 14(D − 5)α sin β
xi
rD−3
ΓiˆΓ+ˆ
)
ǫ˜(v,w) = 0 . (B.12)
Since this equation holds for arbitrary values of xi, it follows that Γ
+ˆǫ˜(v,w) = 0 and
ǫ˜(v,w) = ǫ˜(v). The equation (B.9) then becomes(
∂v − 18α sin β
xi
rD−3
ΓiˆΓwˆ
)
ǫ˜(u) = 0 . (B.13)
It is clear that this equation has no solution for non-vanishing β.
It is also instructive to examine the integrability condition
RµνabΓ
ab ǫ = 0 . (B.14)
The non-zero components of the curvature 2-form are
Θwˆ+ˆ = −
(D − 5)2α2 sin2 β
8r2(D−4)
dv ∧ dw ,
Θiˆ+ˆ = (D − 5)α cos β dv ∧ d
( xi
rD−3
)
+ 12(D − 5)α sinβ dw ∧ d
( xi
rD−3
)
+18(D − 5)2α2 sin2 β
xixj
r2(D−3)
dv ∧ dxj ,
Θiˆwˆ =
1
4(D − 5)α sin β ∧ d
( xi
rD−3
)
. (B.15)
Thus for non-vanishing β, we have
0 = RvwabΓ
abǫ = −(D − 5)
2α2 sin2 β
8r2(D−4)
ΓwˆΓ+ˆǫ =⇒ Γ+ˆǫ = 0 . (B.16)
The remaining conditions become
RviabΓ
abǫ =
(D − 5)α sin β
rD−1
(
r2ΓiˆΓwˆ − (D − 3)xixjΓjˆΓwˆ
)
ǫ = 0 . (B.17)
Contract the equation with xi, we have
(D − 4)xiΓiˆΓwˆǫ = 0 . (B.18)
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It has no non-trivial solution except in four dimensions.
Thus we have demonstrated that the general tachyon wave solutions (B.1), with β 6= 0,
admit no Killing spinors except in D = 4, in which case, it preserves half of the supersym-
metry.
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